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Disclaimer

| am not an expert

...just trying to learn about this

g Werner Balser

Formal Power Series and Linear Systems of Meromorphic Ordinary
Differential Equations

g Marius van der Put & Michael F. Singer
Galois Theory of Linear Differential Equations
Chap. 7: “Exact Asymptotics”



Singularities of Linear ODEs
ar(2) y(2) + -+ a1(2)y'(2) + aol2) y(2) =0, ar€ Clz]

ar(0) = 0 — Ordinary point

y(z)= Z Yn 2" analytic on D(0, p)
n=0

ar(0) =0 — Singular point
yi(z) =) _ (log2)? iy, i(2) y;.; analytic on D(0, p)\{0}
J
e All y; j(2) have a pole at 0:
regular singular point

e Some y; j(z) has an essential singularity:
irregular singular point



Formal Solutions

Poly; ( 1 ) (finite) 00

yi(z) =e 1) N Z (log 2)7 Z cijn ™9,
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analyticin  Jj n=0
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suitable eC|[[z"9]
domains in general divergent

Example
g(z)= Z nlz" satisfies 229”(2)+(32—1)9'(2) +9(2)=0
n=0
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Approximation by Divergent Series

w(z)=ze *Ei(z) w(10) ~1.13147
N-1
win() =) w;10(10) ~ 1.13159
n=0
04
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07 U
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-041 RelativeError(N, z) = }U(z) -1
W, N (2)
061 1I<N<KI10




Summation to the Least Term

N o, n(10)

1 1.00000
1.10000
1.12000
1.12600
1.12840
1.12960
7 1.13032
8 1.13082
9 1.13122
10 1.13158
11 1.13194
12 1.13234
13 1.13282
14 1.13344
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15 1.13431

w(10) ~ 1.13147
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RelativeError(N, 10)
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Summation to the Least Term

w(10)=1 10 1 0" 1?)2 e +18_0!8+ 190!9 11001!0 t 11011!1 * 11021!2 +
0011
’ GV/IV/;?" 10 12 14
-0.01
-0.021




Sectors and Regions

Sector

zEC:O<|z|<po
Op < argz <6

e contained in a sector .
of opening o C

e contains sectors
of opening oo — ¢ 0<p<OO



(Poincaré) Asymptotic Expansions
Given y analytic in G, we write

2) Xy Zynz e[z as z— 0 with z € G

if for all N and for any closed sector A C G,
y(2)=yo+yiz+-+ynv-12""1+0EY), 2—=0,z€A

where the constant hidden in the O(-) may depend on N and A.

e A given y has at most one asymptotic expansion (its Taylor expansion!)

e Any y is the asymptotic expansion of infinitely many functions

e VF=04+0z+4+0zN "1+ 0(N) as z—0, Rez>¢



The Main Asymptotic Existence Theorem

Theorem [Poincaré, Horn, Birkhoff.. ]

In any sufficiently small sector A with apex at 0, there exists a

basis of analytic solutions y;: A — C with asymptotic expansions

Sk ( 1 ) (finite) oo
yi(z)Ze 1) i Z (logz)jz cijnZ"l  2—0, z€eA.
J n=0

g Wolfgang Wasow

Asymptotic Expansions for Ordinary Difference Equations

e Uniqueness? e Sectors of validity?

e Computation? e Link between different asymptotic
lifts?



The Stokes Phenomenon

y'(z)+22y'(2)=0
Analytic solutions: 2

<1a erfCZ> 05

-3-2-101 23

—Cw"(¢)+2 (¢ =1 w'(¢)=0

Formal solutions at oo:

2t 1 3
<1’ € <z 2z3+4z5 >>

—22 N
1 1 3 . N
f ~ & - — — Zz—00 in —
erfc(2) NG (Z 53T 1.5 >, -
e (1 3 il
erfc(z) X 2+ Nz <;—2Z3 4z5—--->, Z=ro0 in



The Stokes Phenomenon
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Gevrey Series

Formal power series of Gevrey order s > 0:

@[[zns:{z et yn:()(nzsew)}

n=0

(= Taylor expansions of C* functions whose derivatives
“do not grow too fast”)

C{z} = Cl}lo

N
Q
=
N
Q
X
N



Gevrey Asymptotics
Given y analytic on G, we write

2) sy Zynz eC[[z as z— 0 with z € G

if for all NV and for any closed sector A C G,
ly(z) — (yo+ 12+ +yn—12V 1| <e KN N!#

where ¢, K do not depend on IN (but may depend on A).

12

y=9€C{z} & yXy = Y=y = Y=y = yxj

s<s



Uniqueness

Narrow Regions Wide Regions

a
Vv s

Proposition (“Ritt's Theorem™) Proposition (Watson's Lemma)
Let GC C of opening < s, and Let G C C of opening > s, and
let f € C[[2]]s- let f: G— C be an analytic fun s.t.
Then there exists an analytic wA
function f:G — C s.t. FEU W
. Th =0.
ff inG. en /=0

L . The mapping y + its asymptotic
Such a function is never unique. AR o
expansion is never surjective.



The Laplace Transform

i f(z / F(w) e~/ d(uk)

0.6

e f analytic around (0, c0), continuous at 0 04
0.2

o f(u)=0(e®") as u— 00, uER 0

-0.2

-04

o L fis defined (at least) for Re(z7%) > ¢
i.e., in a region of opening 7/k

-0.6

Re(272) > 1



The Laplace Transform in a Sector

10

Crf(z)=2" /0 T fu) e @ a(ub)

e Replace (0,00) by (0, e? 00)

= |aplace transform on a sector

///Q
A
Y
=
lh
Eol
=3



The Laplace Transform of a Monomial

i f(z / F(w) e~/ d(uk)

Laplace transform of a monomial (assume z > 0)

[e.e]
L (u™)(z)= z_k/ u"e_(“/z)kd(uk)
0
=/ 2™k e du v=<%)k

= T(1+2) 2" d(uk) = 2* dv



The Formal Laplace Transform

Lef (@)=Y T(1+F) 2" =3 fawreClu]

n

Property

In the setting of the previous slides

ESB

|
c
o



The Borel Transform

e f analytic on a region G of opening a > 7 /k,

bounded as z— 0

Ba!

e By f well-defined when Re ((u/2)¥) <0 on the radial rays,

e, largu|<e

e Rotate the integration path to define By f on a sector of opening o — il

k . .
o By f(u)<e” as u— oo in that region

e Respects Gevrey asymptotics

k



Borel-Laplace for Convergent Series

e The (analytic) Borel and Laplace transforms of order k are
inverse of each other

e In particular, for convergent series :
oo(d)
(=3 fu ez SE)= [ gl aw
- 0

1 B T Lk

oo(d) R
) == [T e A= gy

e entire function

k
u
° S,e"



k-Summability

Y femeClelle
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\\\ S/ afs f S f
~._-7 in a wide sector

bisected by d



Example

f(2)=)_ nlz"eC[2]h

N

1 Bg

an. cont.

:Z u" e C{u}

E.g., with d=¢€*™ and z < 0:

—0 —u/z
z_l/ ¢ du=—
0 1—u

_1/°°

—

U¢IR+

ev

14+zv

l/z
=Z_1€71/Z/
oo w

zdv=2z"le 71/Z/
oo

—w

]__

exp(v+z
v+ 2z

=z"le V/*Ei(-1/z).



Properties of the k-Summation Operator

C{z}k,a € C[[2]]1/: space of k-summable functions in the direction d

Sk,4: k-summation operator

Skl f)= aSka(f) Ska(£§) = Sk.alf) Sk,a(g)
Sk.a(f +9)= Ska(f)+Skalg)  Skalf')= Skalf)
Hence:
|_) eC{z}ra
L(Z,i>-Q:0 = L(Z,i>-(5‘kdzj):0
dz dz ’

—
Linear differential operator

eC(x)(L)



