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The Problem
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More generally: regular singular points

G logarithms, non-integer exponents

Goal: accurate bounds in practice, at reasonable cost
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Related Work

Cauchy, ~1840 — Majorant series

Moore 1962, ... — Interval enclosure methods

Neher 1999, 2001 — Eff' maj. for LODE — interval Taylor methods
van der Hoeven 1999, 2001, 2003 — Similar, — high-prec. comput.
Warne et al. 2006 — Polynomial differential equations

M. & Salvy 2010 - “Asymptotic” tightness for sequences

None covers regular singular points
(vdH2001 sketches an adaptation of vdH1999)
Tightness and efficiency issues (esp. with large equations)



Two Analogies

Tails of the exponential series
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first neglected term

“worst case” of function, indep. of N

Residuals of linear systems

Ax=Db A €GLy(C), |A7Y <M
residual (= 1st negl. term)

A%=b |x—%|<M-[b—b]
computed approx. known
Quantity playing the role of M when A is a differential operator?



The Method of Majorants [Cauchy 1842]

Instead of directly bounding [}~ - \unC",
compute a majorant series:
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To do that, "replace” L with a simple model equation:

L(z, Y4,) -u=0 < W (z) —a(z)w(z)=0
“bounded by”  for us: always 1st order

Solve the model equation and study the solutions:
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a(z):exp/ a(w) dw 3wz < Y iz
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Setting (power series case)
d

07 pr(z) + - +0pi(z)]-u(z) =0 u(z) = Z Unz™
P(z,0) ne
N-1

p+(0) # 0 (ordinary/reg. sing.) u(z) = Z Unpz"
n=0

Question: bound u(z) —u(z)

Residual: P(,0)(i-u)=P(z,6)- i =q(z)
q(z) =0zN+ .. 4 OzN+s—1



The “Unbounded” Recurrence

07PH(2) £ pi(E)  +tpo(e) |- ([G-w(E) =q(2)



The “Unbounded” Recurrence
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The “Unbounded” Recurrence
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The “Unbounded” Recurrence
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crucial step(!)
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The “Unbounded” Recurrence
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indicial polynormal, deg=r



The Majorant Equation (I)
Qo(M) Yyn=0qn— Z Qj(n) Yn—j
= nQj(n)
= (G~ i o)
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bounded for large n

IF forn>ng THEN forn >ng
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The Majorant Equation (I)
Qo(M) Yyn=0qn— Z Qj(n) Yn—j
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The Majorant Equation (II)
g (qj+2 a]yn ]) —

i ek [ 0, e -

It remains to choose ny, a(z), q(z) and c.



The Majorant Equation (II)

Gn= (qﬁZaJyn | B e
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It remains to choose ny, a(z), q(z) and c.
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The Majorant Equation (II)
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It remains to choose ny, a(z), q(z) and c.
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The Majorant Equation (II)
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The Majorant Equation (II)
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The Majorant Equation (II)
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Summary

UQy eeey UNZ1 —\ f_ P(z,0)-u(z)=0

o0
E Unz™ <
n=N term-wise

~ “worst”
solution

e <c,ét—i— / %m)

~ residual

Easy to compute in low-precision interval arithmetic

Quite tight even for small N and complicated P(z, 0)
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A priori bounds

Derivatives, ...
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