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ore_algebra

¤ GNU GPL v2+

� Contributors

� M. Kauers � main author
� M. Jaroschek, F. Johansson �

initial implementation
� MM � numerics + misc
� C. Hofstadler, S. Schwaiger �

D-�nite function objects

$ sage -pip install \
git+https://github.com/mkauers/ore_algebra.git



ore_algebra: An Implementation of Ore Polynomials

K(z)hDzi= fskew polynomials
in Dz over K(z)
subject to Dz z= zDz+1g

=�fdi�erential operatorsg

Example
y00(z)+ z y0(z) +y(z)= 0

m
(Dz
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Features
� Basic arithmetic (di�, shift, qdi�,

qshift, custom)

� Gcrd, lclm, D-�nite closure (incl.
multivariate)

� Creative telescoping

� Polynomial, rational,

gen. series solutions

� Numerical connection (di�.)
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Regular Singular Points

Theorem [Fuchs, 1866]

Assume that 0 is a regular singular point. Then, for some neighborhood D
of 0, there exists a basis of solutions de�ned on Dnf0g of the form

z� (y0(z)+y1(z) log z+ ���+yt(z) logt z); �2Q� ; yi analytic on D:

�Canonical� basis:
�
z�

logk z

k!

�_
, � root of mult. >k of indicial polynomial

✔ y(z)� z¡3/2 log z ✔ y(z)� zi 2
p

✗ y(z)� e�1/z
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Transition Matrices
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�Large� Computations

Face-centered cubic lattice in dimension 11

[Hassani, Koutschan, Maillard, Zenine 2016]

order 22 int. size ~1900 bits singular both
degree 300 accuracy ~340 bits time 8 hours a
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L=Dxx (x¡ 1) (x¡ ")Dx+ x

After A. Bostan, based on an idea of M. Kontsevich, via D. van Straten
order 2 int. size ~19 000 bits singular both

degree 3 accuracy ~2.3 M bits time a few days

Timings on a single core.
Many optimization opportunities remaining!



Code Generation for Special Functions [Lauter-M.]

x
2
Y

′′

1
+ x Y

′

1
+ (x2 − 1)Y1 = 0

Y1(x) ∼ − 2

πx
+ x ln x

π
+ · · ·

as x → 0

double BesselY1 (double x) {
// generated code

}
3

Speci�cation:��������implem(x)¡ f(x)
f(x)

��������6 " for all x2 [a; b]\ double

Working prototype (�Sagenstein�, 2017)
https://scm.gforge.inria.fr/anonscm/git/metalibm/sagenstein.git

Project stalled due to lack of time :-(



Summary
Numerical solution of linear ODEs with polynomial coe�cients
� full support for regular singular points (incl. algebraic, resonant.. .)

� arbitrary precision
� rigorous error bounds

Code available at
https://github.com/mkauers/ore_algebra/

Perspectives
Features: irregular singular connection, automatic singularity
analysis, D-�nite functions as objects.. .
Speed: automatic path optimization, better handling of apparent
singularities, some lower-level code.. .

Bug reports, feature requests, examples welcome!



A Taylor Series Method

i

−i

1−1

z1

z2

5

4
(1+ i)

arctan
�
5
4
(1+ i)

�
?

"
y(z1)

y0(z1)

#
=

�
1 0.57:::+0.22:::
0 0.72:::¡0.20:::

�"
y(0)

y0(0)

#
"

y(z2)

y0(z2)

#
=

�
1 0.39:::+0.24:::
0 0.57:::¡0.29:::

�"
y(z1)

y0(z1)

#

���

I Locally, the solutions are given by convergent power series
I Sum the series numerically to get �initial values� at a new point

I Large steps (/ radius of convergence)
I Extends to the regular singular case



Recurrences

The Taylor coe�cients of a D-�nite function y(z)=
X
n=0

1

yn zn

obey a linear recurrence relation with polynomial coe�cients:

bs(n)yn+s+ ���+b1(n)yn+1+b0(n)yn=0:

(And conversely, for D-�nite formal power series.)

I Easy to generate
I Also leads to fast algorithms

[Schroeppel 1972; Brent 1976; Chudnovsky & Chudnovsky 1988;
van der Hoeven 1999, 2001; M. 2010, 2012; Johansson 2014]

Best complexity:

time O(M(n log2n)), space O(n)

for �xed z and "=2¡n
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The coe�cients of a D-�nite function
X

�2�+Z

X
k=0

K

y�;k z�
log(z)k

k!

obey a linear recurrence relation with polynomial coe�cients:

[bs(�+ Sk) �S�s + ���+b1(�+ Sk) S�+b0(�+ Sk)] � (y�;k) =0:
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Error Bounds

Round-o� errors
Real & complex arithmetic based on Arb [Johansson 2012�]

({Real,Complex}BallField in Sage)

I More generally: takes care of error propagation
I Arb supports truncated power series (cf. autodi�)
I Manual error analysis still useful when intervals blow up

Truncation ErrorsX
n=0

1

un zn=
X
n=0

N¡1

un zn||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
known

+
X
n=N

1

un zn||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
j�j6?

I Majorant series
I �Adaptive� bounds using residuals [M. 2019]



Asymptotics of Apéry Numbers
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I The OGS a(z) and b(z) are solutions of L= z2 (z2¡ 34z+1)Dx
4+ ���

I Singular points: 0, �=( 2
p

+1)4� 33.9, �¡1=( 2
p
¡ 1)4� 0.0294

I Prove: an; bn=�n+o(n) bn¡ �(3)an=�¡n+o(n)

I Local expansion at �¡1: a(z) = c0 f0(z)+ c1 f1(z)+ c2 f2(z)+ c3 f3(z)

where f0(�¡1+ t)= 1+O(t3) f3(�¡1+ t)= t+O(t3)

f1(�
¡1+ t)= t

p
+O(t3) f4(�

¡1+ t)= t2+O(t3)

I Singularity analysis: (c1=/ 0)

a(z)� c1 z¡�¡1
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) an� c1 [z
n] z¡�¡1
p

� c1 i

2 ��
p �nn¡3/2



Image Credits
I �Work in progress� icon from https://commons.wikimedia.org/wiki/File:Work_in_progress_icon.svg

Copyright © Sªawek Borewicz, licensed under the following terms:
This work is free software; you can redistribute it and/or modify it under the terms of the GNU General Public License as published by
the Free Software Foundation; version 2. This work is distributed in the hope that it will be useful, but WITHOUT ANY WARRANTY;
without even the implied warranty of MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the version 2 of the
GNU General Public License for more details.

I Other large color icons used in this document are from the Oxygen icon set (http://www.kde.org/). They can be copied
under the GNU LGPLv3 (http://www.gnu.org/copyleft/lesser.html).
See also https://techbase.kde.org/Projects/Oxygen/.

I Face centered cubic crystal structure from
https://commons.wikimedia.org/wiki/File:Lattice_face_centered_cubic.svg

Copyright © Baszoetekouw, licensed under the following terms:
Redistribution and use in source and binary forms, with or without modi�cation, are permitted provided that the following conditions
are met:
1. Redistributions of source code must retain the above copyright notice, this list of conditions and the following disclaimer.
2. Redistributions in binary form must reproduce the above copyright notice, this list of conditions and the following disclaimer in the

documentation and/or other materials provided with the distribution.
3. Neither the name of Baszoetekouw nor the names of its contributors may be used to endorse or promote products derived from this

software without speci�c prior written permission.
THIS SOFTWARE IS PROVIDED BY BASZOETEKOUW "AS IS� AND ANY EXPRESS OR IMPLIED WARRANTIES,
INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR A
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INDIRECT, INCIDENTAL, SPECIAL, EXEMPLARY, OR CONSEQUENTIAL DAMAGES (INCLUDING, BUT NOT LIMITED
TO, PROCUREMENT OF SUBSTITUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS; OR BUSINESS INTER-
RUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY, WHETHER IN CONTRACT, STRICT LIABILITY,
OR TORT (INCLUDING NEGLIGENCE OR OTHERWISE) ARISING IN ANY WAY OUT OF THE USE OF THIS SOFT-
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