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From Blood Cells to Minimal Surfaces

J. Theoret. Biol. (1970) 26, 61-81
The Minimum Energy of Bending as a Possible Explanation of
the Biconcave Shape of the Human Red Blood Cell

P. B. CaNHAM

Department of Biophysics,
University of Western Ontario, London, Ontario, Canada

Lindstréom (1963) reported that cells resumed their equilibrium form within
a fraction of a second after emerging from very small blood vessels. Rand
(1964b) showed that a cell released from a micropipette returned to the
biconcave shape within a few seconds. These observations imply that the
biconcave form requires the least energy to be maintained. We believe the
energy minimized is the bending energy of the membrane, and that the
membrane is solely responsible for the cell’s shape.
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From Minimal Surfaces to Recurrences

Willmore problem: minimize W(S) for a surface S of given genus smoothly immersed in R?

Marques & Neves (2012) [Willmore conjecture, 1965]

In genus one, the unconstrained minimizers are the
stereographic projections of the Clifford torus Tc = $1 /3 X $1 /vzC $3

(Yu & Chen 2022)
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In genus one, the unconstrained minimizers are the
stereographic projections of the Clifford torus Tc = $1 /3 X $1 /vzC $3

Yu & Chen (2022)
Unique minimizer (up to scale) of given
isoperimetric ratio /% (6 V)1/3 A=1/2 ¢ [10, 1) (— Canham problem)

...provided that a certain explicit sequence (d.,) is >0
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Yu and Chen’s Sequence

(dn)=1(72,1932,31248,790101/2, 17208645/ 4, 3388986098, 1551478257 /4,...

—(M+8) (n+7) (122323 +298144n2 4 2412586 1 + 6469077) (N +6)2 dn
+(n +8)(183480n° + 7655560 n° 4 131977142 n* 4 1202876299 n® + 6112196895 n.

+ 16418149668 n + 18219511026) dn 41

—(n+8)(941864 16 + 38326904 n° + 644300514 n* 4 5727711699 n3 + 28407144241 n?
+ 74557779538 1 + 80949464718) dn 42

+(1993816 7 + 97303624 % + 2021855198 n° 4 23184921987 n* + 158457515673 n.3
+645518710454 1% + 1451619424860 1. + 1390493835900) dn +3

+(—1993816 7 — 98090344 n6 — 2054897438 n® — 23758375953 n* — 163720428321 n?
—672459054524 2 — 1524577250976 . — 1472211879228) dn 44

+(1 + 6)(941864n° 4 40789672 n° + 730497394 n# + 6921881565 n3 4 36590122947 n2
4102300885158 11 + 118218544398) dn 45

+(1 + 6) (183480 n° 4 7756760 N5 + 135519142 n* 4 1252328453 n3 + 6456460129 n.2
+ 17612930492 1 4 19872693550) d 16

+(M47) (N +6) (1223213 + 215600 N2 + 1256970 1L + 2435511) (1 +8)2 dn 47

&

L=C2=X

Asymptotic behavior
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G dupot o+ () dnpa+ () dn=0

Routine Calculation

dp=c-p "n?In(n)+O0(p~"n?) p~1=(/2+1)2~5.8



Eventual Positivity

G dupot o+ () dnpa+ () dn=0

Routine Calculation
dp=c-p "n?In(n)+O0(p~"n?) p~1=(/2+1)2~5.8

c €[8.06,8.08]



Eventual Positivity

G dupot o+ () dnpa+ () dn=0

Routine Calculation
dp=c-p "n?In(n)+O0(p~"n?) p~1=(/2+1)2~5.8
c € [8.06,8.08]

Flajolet & Puech (1986) Salvy (1991) (among others)
Flajolet & Odlyzko (1990) Chabaud (2002)



Eventual Positivity

G dupot o+ () dnpa+ () dn=0

Routine Calculation

dp=c-p "n?In(n)+O0(p~"n?) p~1=(/2+1)2~5.8

ce [8.06, 8.08]
Flajolet & Puech (1986) Salvy (1991) (among others)
Flajolet & Odlyzko (1990) Chabaud (2002)

Corollary

The sequence (d.,) is eventually positive.

Question
Replace the O(-) by an explicitly bounded error term?



Complete Positivity

Proposition [Melczer & M. (2022)]
dn>p ™ (8.07n%Inn+1.37n3— 1196 n%In?n)

Analytic
Combinatorics

Corollary
Philippe Flajoletand
dn >0 for all n > 1000 Robert Sedgewick
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Complete Positivity

Proposition [Melczer & M. (2022)] ATt
nalyti
dn>p ™ (8.0713Inn + 1.3713 — 1196 n%In?n) Combinata:) ¥ic§
Corollary
Philippe Flajolet and
dn >0 for all n > 1000 Robert Sedgewick

Real point: We now have the technology
to prove bounds of this type

Bostan & Yurkevich (2022) — More direct proof of Y&C'’s result

Next Step [Dong (2021); Dong, Melczer & M. (2022)]

“General” sequences — Algorithm +

van der Hoeven (2021) — Theoretical algorithms using Mellin transforms, complexity



Positivity: Some Related Work

Decidability
issues

Induction
+ CAD

Symbolic-

numeric

Constant coefficients

Ouaknine, Worrell (2014)
Kenison, Nieuwveld,
Ouaknine, Worrell (2023)

Nuspl & Pillwein (2022)

Polynomial coefficients

Neumann, Ouaknine, Worrell (2021)
Kenison, Klurman, Lefaucheux, Luca,
Moree, Ouaknine, Whiteland,
Worrell (2021)

Gerhold, Kauers (2005)
Kauers, Pillwein (2010)
Pillwein (2013)

van der Hoeven (2021)
Ibrahim, Salvy (2023)
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General Recurrences
an+6+"'+an+1+an:0
¢ d(z)=%, dnz"

2 1 2 -1 3 (-2 -6 1 2
) %?jrz‘*)— (17234 23) +(:§70 2 7;+161)1z+ 3) d®(2) +0d"(z) +Dd'(z) + Dd(z) =0

Assumptions

The differential equation has singular points {0, co}

The singular points are regular (at least those we need to work with)
Regular: z*V3log2z+ --- Irregular: eVZ2223/21ogz + - .

convergent divergent



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, ...]
22(z+1)2(z—1)3 (22— 624+ 1)2 (32— 164234+ 37022 — 1642+ 3) d®(2) +--- =0

d(z) =72419322+ 312482 4 - --
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22(z+1)2(z—1)3 (22— 624+ 1)2 (32— 164234+ 37022 — 1642+ 3) d®(2) +--- =0

B (2) = <z7p>*4logﬁ+--.
Ba(z) = (z—p) "+~
/ Bs(z)=14---
‘ d(z) = p1B1(z) + B2Ba(z) + B3 Bs(z)
“,/' =[0.04204+ 1074 (z — p) ~*log

/ 1—z/p
B1=[0.0420 4104 + [£10-19]i | 4 [0.0598 104 (z — p)—* )
B2=1[0.0598 £10# + [+£10 %] 1 ‘ — [0.0209:‘:1074](27p)7310g71_z/p
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0 A : +o((z 0) 1°g17z/p)x
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Key Numeric Tools [van der Hoeven 2001; M. 2011, 2019; ...]
20,21 — ordinary or regular singular points, with fixed associated sol bases

Rigorous Integration of Singular LODEs
Given the coordinates of a solution f in the basis at zg:
one can compute boxes containing the coordinates of f at z;

for a small enough | z |C C containing no singular points,
one can compute a box containing {f(z):z € }
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Given the coordinates of a solution f in the basis at zg:
one can compute boxes containing the coordinates of f at z;

for a small enough | z |C C containing no singular points,
one can compute a box containing {f(z):z € }

Bounds on Tails of Logarithmic Series

Given N € N and 0 < & < dist(zo, {singular points#zo} ),
for each A €local basis at zy, one can compute My, ..., Mg such that

A(z):(z—p)VZ (Z Un x (z—p) +Z Unk(z—p >log 1—1/‘)
k=0 n=0

|-[<Mi|z—p|™ for [z—p|<8




Singular Expansion

0

d(z) =[0.0420+£10~4] (z— p) "*log +---+]0.04914+104 (z— p) ™3 %«

z—p
U(z)
S 2 1 n 0
+n§+r |:Cn,0+Cn,110gZ_p+Cn,210g P (z—p) ol
9(2)



Singular Expansion

4 4[0.0491£104] (z— p) =3 %y

d(z) =[0.0420+£10~4] (z— p) "*log

z—p
{(z) (more terms than needed
= better bounds)
S 1
+ > |:Cn,0+cn,110gz_p+Cn,210g2rp (z—p)™ o
n=v+r
9(2)



Singular Expansion

0

d(2) =[0.0420£10~4) (z— p) “log——+ - +[0.0491 £ 104 (z— p) * %

z—p
{(z) (more terms than needed
= better bounds)
- 1
+ > [cn,o+cn,110gz_p+cn,210g2rp} (z—p)" o
n=v+r
9(2)
(v=—4,1r=2)




Singular Expansion

d(z) =[0.0420+£10~4] (z— p) "*log

4 40,0491 £1074] (z— p) =3 ¢

z— p XX
{(z) (more terms than needed
= better bounds)
- 1
+ > [cn,o+cn,110gz_p+cn,210g2rp} (z—p)" o
n=v+r
9(2)
(v=—4,1r=2)
d(z) l(z) 9(2)
d“:%zn+1d = Zn+1dZ —+ Zn+1dZ
[




Singular Expansion

d(z) =[0.0420+ 104 (z— p)~4log Zi 5+ [0.0091 2107 (2 3 9

XX *——

{(z) (more terms than needed

= better bounds)
v 1 1
+ Z [cn,o+cn,1logz_p+cn,zlog2rp} (z—p)™ o e
n=v+r
9(2)
(v=—4,1r=2)

= [ +/Sn 9(z) dz+/ﬁ—d(z)*e(z) dz

Z‘n-i—l

Bound each term for n >ny



The Explicit Part (I) [Jungen 1931, ...]
1 ax -1
2 -2Mogt =g (")
Tn+a) 1 d* Mn+ «)
S Mn+1) Tn+o) dak T(ex)

W H(m, k)
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The Explicit Part (I) [Jungen 1931, ...]

1 d* /m+a—1
n _ o k — —
27 (1-2)~log—=—— (") (p=1)
Tn+a) 1 d* Mn+ «)
S Mn+1) Mn+ o) dok  T(x)
EEn | CIoS)
Lemma (Gamma ratios) Corollary of [Frenzen 1992]

For n>|«|, (= constraint on ng)

G(n)=n>"! (1+%)OL71 lri <n+%>j+R(n)]

j=0

x|—r
TL+5

N

IR(M)| < Ca,rmyg

Then plug in Taylor expansions in n~! of (1 + %)a and (n + %) J
explicit coefficients

= . . . C = explicit constant
in terms of generalized Bernoulli numbers s mTo P



The Explicit Part (II)

[z

"] (1 —-2)%log

k1

_Mn+w)

1

d* Mn+ «)

11—z Tm+1) Mn+a) dak M)

G(n)

H(n,k)



The Explicit Part (II)

w1 Tm+oa) 1 d* Mn+ «)

2" (1 =2)*log"— = Mn+1) Mn+a) da M) e
e HO
Lemm
¢ ! k! K = Il)(m)(n-i-OC)_lb(m)(o‘) m+1
H(n,k):m[s ] exp Z—o (m—+1)! € (%)

+ similar formula for o€ Z¢g



The Explicit Part (II)

I  Th+o) 1 d* Mn+ ) B
e Mn+1) Mn+o) dak  T(a) (P=1

W H(m, k)

"] (1 —2)%log

Lemma
k—1
k! V(4 «) — ™ (o)
H k) = k m+1
(n,K) = e 1exp<m0 e (*)
+ similar formula for € Zgq
Theorem [Nemes 2017]

For |argz| < mt/4

r—1

VO(z) =logz— Y

j=0

5 TR@, R <Corlz|™

+ similar formula for m> 1



The Explicit Part (II)

kL _Mnte) 1 d* Mnto (p=1)
1—z Tn+1) Mn+a) da® M) P

W H(m, k)

"] (1 —2)%log

Lemma
k—1
_ ko PM(n 4 o) —p™(a) m+1
+ similar formula for € Zgq

Theorem [Nemes 2017]
For |argz| < mt/4

r—1

VO(z) =logz—> 5 TR@,  [RE)|<Corlz|™
j=0

+ similar formula for m> 1

Algorithm: plug Nemes’ bounds into (),
compose multivariate polynomials with interval coefficients



The Explicit Part: Summary
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lz(z) = [0.0420:|: 10—4] (Z _ p) —4 log 1

0491 4 \-3
Z—p+ +[009:|:10 ](Z p)

1
mn _ —x X
[z (z—p) *log pp—

2"]4(2)



The Explicit Part: Summary

0(z) =[0.0420+10-4] (z— p) ~*log + -+ 4[0.0491+10-4] (z— p) 3

z—0p

n _ — k
2" (z—p)*log —
=p " n* ! (Olog*n+Ologc~n+---+0
g
k
yolen, gl
n n
+...
+R(n))



The Explicit Part: Summary

0(z) =[0.0420+10-4] (z— p) ~*log + -+ 4[0.0491+10-4] (z— p) 3

z—0p

[2"] (z— p)~*log"

zZ—9p
=p "n*" ! (Ologkn+DOlogc 'n+---+0
K
_|_|j10g_n+...+|jl
n n
+ e
+R(n))

[zMl(z) = p‘“( [8.07+10-3n3Inn+ [1.37+10-3 n?
+[50.5+10- n?Inn + [29.7+10- 1] n?
+ [i1.5-103]nln2n> for all n>50



Singular Expansion
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= better bounds)
v 1 1
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= [ +/Sn 9(z) dz+/ﬁ—d(z)*e(z) dz

Z‘n-i—l

Bound each term for n >ny



The Local Error Term

0(2) = (2~ o)+ (ho(z) +M(2) log

z—p

+ha(z) log?

z—=p
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Rigorous Integration of Singular LODEs
Given the coordinates of a solution f in the basis at zg:
one can compute boxes containing the coordinates of f at z;

for a small enough | z |C C containing no singular points,
one can compute a box containing {f(z):z € }
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Given N € N and 0 < & < dist(zo, {singular points#zo} ),
for each A €local basis at zy, one can compute My, ..., Mg such that
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0(2) = (= )" hofz) + Mu(z) log
[1<Bo 1By

z—p

+ ha(z) logQL
S—~— z—=p
|-|<B2



The Local Error Term

0(2) = (= )" hofz) + Mu(z) log
[1<Bo 1By
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The Local Error Term

1
9(z)=(z— p)v+r< ho(z) + hy(2) Ingfp + ha(2) logzrp)

B(z) =B+ B1z+ By z?

1
logl—z/p’ <7'[+10gn on Sn

Lemma (Error term on the small arc)

1 g(z) Cp,v,r — —Re(v)—1—
’27{1’.-/Snz“+1d2’<W|p| "R TITT B+ logn)

Lemma (Error term on the line segments)

1 9(2)
o 2m/ﬁnzn+1 dz

1
®—0

<Chv,rlol T n R B(n 4 logn)



Singular Expansion

d(z) =[0.0420+ 104 (z— p)~4log Zi 5+ [0.0091 2107 (2 3 9

XX *——

{(z) (more terms than needed

= better bounds)
v 1 1
+ Z [cn,o+cn,1logz_p+cn,zlog2rp} (z—p)™ o e
n=v+r
9(2)
(v=—4,1r=2)

= [ +/Sn 9(z) dz+/ﬁ—d(z)*e(z) dz

Z‘n-i—l

Bound each term for n >ny



The Global Error Term

1 d(z) —{(z) n
e [ 2 s < R a2 - 2)

< Crylpl " nPlogkn

+ 0

compute d(z) using the diff. eq.
(staying in the analyticity domain of d(z)!)
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“Generic Case”
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truncated asymptotic expansion error term
n2= 50

What may go wrong
Multiple dominant singularities A (D + E) +(—2)" (IZI + E) +[EM] %
n n T

not an asymptotic expansion

still makes sense as a bound

Failure to detect exact zeros 2" ([110—100] + - ) +[12.3+£10 +w
useless bound (for large 1)
...except with an oracle

Overestimation on ([ilomo] + - )
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Irregular singular points
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